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Abstract 

In this work, generalizing our previous results, we determine in an original and the sim- 
plest way three most important thermodynamical characteristics (Bekenstein-Hawking en- 
tropy, Bekenstein quantization of the entropy or (outer) horizon surface area and Hawking 
temperature) of Schwarzschild, Kerr and Reissner-Nordstrom black hole. We start physically 
by assumption that circumference of black hole (outer) horizon holds the natural (integer) 
number of corresponding reduced Compton's wave length and use mathematically only sim- 
ple algebraic equations. (It is conceptually similar to Bohr's quantization postulate in Bohr's 
atomic model interpreted by de Broglie relation.) 



In our previous work [1] we determined in an original and simplest way important thermody- 
namical characteristics of Schwarzschild black hole. In this new work, generalizing our previous 
results, we shall determine in analogous and the simplest way three most important thermody- 
namical characteristics (Bekenstein-Hawking entropy, Bekenstein quantization of the entropy or 
(outer) horizon surface area and Hawking temperature [2]- [8]) of Schwarzschild, Kerr and Reissner- 
Nordstrom black hole. We shall start physically by assumption that circumference of black hole 
(outer) horizon holds the natural (integer) number of corresponding reduced Compton's wave 
length and use mathematically only simple algebraic equations. (It is conceptually similar to 
Bohr's quantization postulate in Bohr's atomic model interpreted by de Broglie relation.) 

Consider a black hole with mass M and surface area of the outer horizon 

G 2 M 2 

A + = 87rR g R + = (87r(l + sina) — — ) (1) 
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with radius 

R + = R g {\ + s ina) (2) 

where 

n. - G -f- (3) 

For 

1 J Jc . . 

COSa= R- 9 M-c = APG (4) 

given black hole represents Kerr black hole with angular momentum J. Especially for J = given 
black hole represents Schwarzschild black hole. 
For 

1 Q, G i Q 

cosa = — — f- J 2 = r (5) 

R g c 2 H^e Q ' M(GAtv€ )2 

given black hole represents Reissner- Nordstrom black hole with electrical charge Q where eo repre- 
sents vacuum dielectric constant. Especially, for Q = given black hole represents Schwarzschild 
black hole. 

Angular momentum J represents a variable independent of M. But, we can formally present 
J as a function of M. Namely, since cos a must be smaller or equivalent to 1, J according to (4) 
must satisfy the following inequality 

~ Mc c w 
It admits that J can be formally presented by 

cos cy, 

J = RqMccosa = GM 2 . (7) 

c 

Given expression represents, of course, an identity J = J but formally (7) can be considered as a 
function of M proportional to M 2 where cos a can be considered as a parameter. Then formally 
differentiation of (7) yields 

dJ = 2GM^^dM. (8) 

As it will be shown later given formal procedure similarly to renormalization procedure in quantum 
field theory, implies correct physical results. 

Analogously, electrical charge Q represents a variable independent of M. But, we can formally 
present Q as a function of M. Namely, since cos a must be smaller or equivalent to 1, Q, according 
to (5), must satisfy the following inequality 

Q< § 9 rr =M(4ne G)^. (9) 

It admits that Q 2 can be formally presented by 

Q = R g ( 47T€ ° C )5 cos a = M(47re (7)5 cos a (10) 

Gr 

that formally can be considered as a function of M proportional to M where cos a can be considered 
as a parameter. Then, formally, differentiation of (10) yields 

dQ = (47re G)5 cos adM. (11) 
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As it will be shown later, given formal procedure similarly to renormalization procedure in quantum 
field theory, implies correct physical results. 
Suppose the following expression 

M +n cR + = n^-, for n=l,2,... (12) 

that implies 

2nR + = n—^, for n=l,2,.... (13) 

m +n c 

Here 2nR + represents the circumference of the outer horizon while 

h 

K+n = (14) 

m +n c 

represents n — th reduced Compton wavelength of a quantum system with mass m +n captured at 
black hole outer horizon for n — 1,2,... . 

Expression (12) simply means that circumference of the black hole outer horizon holds exactlyn 
corresponding n-th reduced Compton wave lengths of quantum systems forn = 1, 2, ... . Obviously, 
it is conceptually similar to well-known Bohr's quantization postulate interpreted by de Broglie 
relation (according to which circumference of n-th electron circular orbit contains exactly n cor- 
responding n-th de Broglie wave lengths, for n = 1, 2, ...). 

According to (12) it follows 

h he . . 

m +n = n —n — — — : - = nm +1 , lor n—1,2,... (15) 

+ 2ivcR + 27rGM(l + sina) + ' ' ' K J 

where 

m hC = Mp Mp (16) 

m+1 2nGM(l + sina) M 2tt(1 + sin a) ' [ ' 

Obviously, m+i depends of M so that m+i decreases when M increases and vice versa. For a 
macroscopic black hole, i.e. for M 3> M P it follows m+i <C M P . 
According to (16) 

M o „ ^ GM2 

a + = = 2tt(1 + sine*)— — . (17) 

ra+i nc 

After multiplication of (17) by Boltzmann constant ks, it follows 

GM 2 A 

S B h+ = k B (? + = 2n(l + sina)/c s — — = k B /nr + X9 (18) 

nc (2Lp) z 

that represents Bekenstein-Hawking entropy Sbh+ ■ 

Differentiation of (18), under formal supposition that sin a does not represent a function of M 
(even if, exactly speaking, according to (4), (5), sin a depends of M) yields 

dS B H+ = k B da + = 47r(l + sma)k B ^^dM (19) 
or, in a corresponding finite difference form 

AS BH + = k B Aa + = 4tt(1 + sina)A; B ^AM for AM < M. (20) 
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Further, we shall assume 

AM = nm +1 for n = l,2, ... (21) 
which, after substituting in (20), yields 

AS BH + = k B 2n for n = l,2, ... (22) 

that represents Bekenstein quantization of the black hole entropy. It, according to (18), implies 

AA + = 2n(2L P f for n = l,2,... (23) 

that represents Bekenstein quantization of the black hole surface. 

Now we shall consider first thermodynamical law for Kerr black hole 

dE = T + dS+ + n + dJ (24) 

where 

E = Mc 2 (25) 

represents the black hole energy, and, 

_ ccoso; c 3 cosa 

+ 2R g (l + sina) 2MG(l + sina) v ; 

- outer horizon rotation rate. Introduction of (25), (19), (26), (8) in (24) yields 

9,„„ m , / n, GM c 3 cosct! 2GMcosa,„ ,^„, 

c 2 dM = T + 47r 1 + sina )k B -—dM+ — — — : dM 27 

v 'he 2MG(l + sma) c 

which, after simple calculations, yields 

3 sin a 

+ = hC 4tt(1 + sin a)k B GM ( 8) 

that represents Hawking temperature for Kerr black hole. 

Now we shall consider first thermodynamical law for Reissner-Nordstrom black hole 

dE = T + dS + + V + dQ (29) 

where 

V = -Q— = (30) 

+ 47re R+ 4vre MG(l + sina) v ; 

represents the electrostatic potential at black hole outer horizon. Introduction of (25), (19), (30), 
(11) in (29) yields 

c 2 dM = T + 4tt(1 + sma)k B ^dM + — ^- -((47re G)^ cosa)dM (31) 

which, after simple calculations, yields 

T = hc s sma q Qcosa 

+ ° 4tt(1 + sina)k B GM { (i7re G)^M(l + sin a) 

that represents Hawking temperature for Reissner-Nordstrom black hole. 

In this way we have reproduced, i.e. determined exactly, in the simplest way, three most 
important thermodynamical characteristics of Schwarzschild, Kerr and Reissner-Nordstrom black 
hole: Bekenstein-Hawking entropy (18), Bekenstein quantization of the black hole entropy (22) or 
Bekenstein quantization of the black hole surface area (23), and, Hawking temperature (28), (32). 
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